THE INTEGRABILITY OF A SEQUENCE
OF FUNCTIONS*

BY
R. L. JEFFERY

1. Introduction. Letf=fy,f,, - - - be a sequence of functions summable
on the measurable set E, and convergent on E to the summable function F.

If

lim | fudx = f Fdx

nowo JE E
the sequence is said to be integrable. If the above equality holds when the set
E is replaced by any measurable part of E the sequence is said to be com-
pletely integrable. These questions of integrability and complete integrability
have received considerable attention from various writers.f It has been
shown by Vitali} that the equi-convergence§ of the sequence of integrals is
both necessary and sufficient for complete integrability. It would then follow
that this condition is sufficient for integrability. One can, however, easily
construct examples which show that it is not necessary. The chief aim of the
present paper is to determine conditions which are both necessary and sufh-
cient for the integrability of the sequence f. This is accomplished by methods
which yield, as special cases, some of the results already obtained by Vitali
and de la Vallée Poussin.

2. Definitions and preliminary results. In what follows; without again
making mention of it, we shall use e to denote any measurable sub-set of E.
We further define S(/, 1), 7>0 and arbitrary, to be the part of E for which
|F—fa| <n (n21), and C(}, 9) its complement on E; e(l, 7). and e(l, n)— the
parts of C(l, n) for which f. 20, f. <O respectively. It is easily verified that
these sets are measurable, and that mC(l, ) tends to zero as ! becomes in-
finite. Finally we use g=gi, g2, - - - to denote a sub-sequence fn,, fa,, - - - Off.

We shall have occasion to use

* Presented to the Society, December 27, 1929; received by the editors April 26, 1930.

1 Osgood, American Journal of Mathematics, vol. 19, p. 182; Hobson, Proceedings of the London
Mathematical Society, (1), vol. 35, p. 254; W. H. Young, Proceedings of the London Mathematical
Society, (2), vol. 1, p. 89; Arzeld, Memorie, Reale Accademia delle Scienze, Bologna, (5), vol. 8,
p. 703; Vitali, Rendiconti del Circolo Matematico di Palermo, vol. 23, p. 137; de la Vallée Poussin,
these Transactions, vol. 16, p. 444 ff.

1 Loc. cit.
§ Hobson, Real Variable, second edition, vol. II, p. 208.
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A. Corresponding to €>0 there exists >0 such that if me <6 then

frdx

eS(l,n)

<e n=1.

This readily follows from the summability of F and the fact that, on
S(@, 1), fa=F+t,, where |t.|<n for n=1.

We now prove

1. It is necessary and sufficient for the integrability of f that for every n>0

lim fadx =0 nzl.

lew c.g

To show that this is sufficient we write

Lf,.dx - LFdx

We thus see that for / sufficiently large and for »n sufficiently small the left-
hand side of this inequality is arbitrarily small for all » =1.
The condition is also necessary. Obviously

f fadx = f Fdx + f(fn — F)dx — (fa — F)dx.
C.m cd.) E S

Then for any n and =1, we have

f Sfadx f Fdx f (fon — Fldx
Cd.m cd.m E

Now if 0 <75’ <7, then C(}, n’) contains C(!, ) and C(}, n")=C({, n) +C(, n")

-S(, 1) so that
f fadx
Cn’)

f fadx
[ OR )]
f Jndx
Cci.an)

<2 |F|dx +

C')

gf | fo — F| dx + | fa — F| d.
S(1.m) cdm

(1) + + n-mE.

=

=

+

f fud
Cl.)S.m

+nmCQ,n') + |F|dz

C.n")

L (fa — F)dx

the last inequality following from (1) by replacing n by n’. The necessity of
the condition follows at once from this inequality, since it is valid for all 5’ <¢
and since mC(l, n’) tends to zero as I becomes infinite.

3. The integral of f, over ¢ bounded in ¢ and #n. We first prove

=

+ ﬂ"mE + ﬂ'"’c(l,ﬂ'),
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B. If the sequence of functions f =f,, fo, - - - is summable on the measurable
set E, converges to the function F which is measurable on E, and is such that the
integral of f. over e is bounded in e and n, then F is summable on E.

Let M be the least upper bound of

J 11l

for all e of E and all n. Further let Ey be the part of E for which
—N=F=N.
Then F will be summable on E if

is bounded as to N. Now

f|F|dx
E

N

|F|dx

ENCQ )

< F—f, | )d d
_Lusa,n)(l f|+|f|)x+f |Fldz

EnC(l,)

I
& ]
2
s
=
&
«
+

SomE+ M+ N-mC(,n).

Since mC(l, 1) approaches zero as I approaches infinity independently of N,
we have at once the desired boundedness.

If the sequence of integrals is equi-convergent then, obviously, the in-
tegral of f, over e is bounded in ¢ and #n. We thus get

B'*. If the sequence of summable functions f converges on E to a measurable
function F, and if the sequence of integrals is equi-convergent, then F is sum-
mable.

If the sequence of integrals is not equi-convergent, by making use of A it
is easy to show that there exists A >0 and a sequence of values 7, #,, - - - of
n such that either

f fn;dx>)\0rf fn.dx<_x (l.~=n.~,i=1,2,"').
e(li.ng)y el ng)-

Assuming that the first holds we can select from the sequence #; a sub-
sequence #; such that for e arbitrary

* de la Valiée Poussin, loc. cit., Theorem I.
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f fa;dx > N and | fa;] dx < e.

[UB O Cis1m)

Set e;={C(lj, n) —C(ls+1, 1) }(ls, ;)4 Then

ff,.,.dx >N — €.
¢

Also e;+es+ - - - +e;1is contained in S(;, ) and in C(;, 1), and ej.1+ - - -
is contained in C(jz1, 7). Hence if I, is taken sufficiently large and e=_e;,
we have both

f|F|dx<e, andff,,,dx>>\—2e G=1,2,--),

which shows that the sequence is not completely integrable. In case fis such
that the sequence of integrals is equi-convergent, then, if E’ is any measur-
able part of E, complete integrability readily follows from

F=uldx= [ |p-plast IF—fudr (2.
E’ E'S(l.n) E'C(l.g)

We thus have

C*. If a sequence of summable functions converges on E to a summable func-
tion F, it is then necessary and sufficient for complete integrability that the se-
quence of integrals be equi-convergent.

Let g=g1, g2, - - - be any sub-sequence of f, and § any positive number.
Let U(g, n, 8) and L(g, n, ) be the least upper bound and greatest lower
bound respectively of

fg'dx (1’=1)2)’n)

for every e with me <§. It is evident that, for a given 8, U(g, n, 8) does not
decrease as # increases, and consequently, since the integral of f, over e is
bounded in e and #, this function converges to a limit U(g, §). But U(g, 6) 20,
and obviously does not increase as § decreases. Hence U(g, ) converges to a
limit U(g). Dealing in a similar manner with the function L(g, n, §) we ar-
rive at the corresponding limit L(g). It is now possible to prove

I1. If the sequence of summable functions f converges on E to a measurable
function F, and if the integral of f. over e is bounded in n and e, it is then neces-

* See also de la Vallée Poussin, loc. cit., Theorem IV.
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sary and sufficient for the integrability of the sequence that U(g)+L(g) =0 for
every g.

That F is summable follows from B. To show that the conditions are
necessary, let f be integrable and assume that U(g) +L(g) #0 for at least one
g. For the sake of definiteness let

() UGg) + Lig) = > 0.
Making use of A it is possible to fix § so that both

A
(2) U(g,d) + L(g, 6) > 7’
and if me <3,
A
3) [ gas|< (nz 1.
eS(l,n) 4

Again, since the sequence is integrable, we can use I to fix / =1’ for which both
mC(l, n)<d(=l'), and
f gdx
cd.m

But for any /=1’ it is evident that there exist ¢ and # =/ such that we have

)N
<z‘ nmzilzl).

(4)

A
f gndx £ U(g, 8) = fgndx’l'g

)4

A
ee(l,n)4 ee(l,n)—- eS(l,9) 8

A
< f gndx + — nzlzl).

e(l,n)— 4

Similarly we arrive at
A
© [ ain-csieos [ gas Gzizn.
e(l,n)— 4 e(l,n)—

But (5) and (6) combine to contradict (4). We conclude, therefore, that the
conditions of (2) are necessary.

The conditions are also sufficient. Suppose that, for every g, U(g)+L(g)
=0. If f is not integrable then I is denied, and we can assume the existence
of a number A >0 and two sequences Iy, I, - - - and n,, ns, - - - where n;=1I;
and such that either
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O j;('m)f,.,.dx > (t=1,2,---),

or the left-hand side of (7) is less than —\. For definiteness suppose that (7)
holds. Let gi=f,,. Fix & so that we have

A
(8) U(g) 6)+L(g’ 6) <'2—’
and so that for me <8 we also have
b
(©) [ gas|<=
eS(;,9) 4

Fix i =4’ such that for 224’, mC(l;, n) <8. Then, obviously, we have

(10) Ug, d) 2 f gidx (12 1).

Asmidy

By methods similar to those used in obtaining (5) it is possible to show that

11) L(g, 8 = f gidx — 2 (zz17).
e(limni)- 2

But evidently (8), (10), and (11) can now be used to contradict (7). We

conclude, therefore, that the conditions are sufficient.

If the sequence f is such that £, is uniformly bounded below, then L(g) =0
for every g. Furthermore, if the sequence is integrable, it follows from II that
for every g, U(g) =0. Butif, for every g, U(g) = L(g) =0, it is evident that the
sequence of integrals is equi-convergent. We thus get

II1. If the sequence f converges on E to a measurable function F, and if f, is
uniformly bounded below, or above, it is then necessary and sufficient for the
integrability of f that the sequence of integrals be equi-convergent.*

We have seen that the equi-convergence of the sequence of integrals is
both necessary and sufficient for complete integrability. This, with II1I, gives

II1'. If the sequence f is integrable, and is such that f, is uniformly bounded
below, or uniformly bounded above, then f is completely integrable.

One might hope that the existence of the double limit =% {U(g, #, 5)
+L(g,n, 8)} =0 would prove to be both necessary and sufficient for integra-
bility. On account of II, it is evidently sufficient. An example shows that it
is not necessary.

* Cf. de la Vallée Poussin, loc. cit., p. 448.
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Let e. be a sequence of distinct measurable sets on E with a single limit
point not belonging to any set of the sequence, and such that me, tends to
zero monotonically. Let e,/ be a similar sequence distinct from e, with a
single limit point not belonging to any set of either sequence, and with
me,! =2me,. Let \ be any positive real number, and let f,=\/me, on e,,
fa=—X\/(2me,) on e, and f,=0 elsewhere on E. We see that f, converges to
zero, and for each # the integral of f, over E is zero. But for every § >0 and
every # it is possible to find 8’ <8 and »’ Z# such that

A
o) U(f, ', 8) + L, 0/, 8) = —--

Let 6 and 7 be given. Take n’=#n and such that me, <4, and fix §’ =me,-.
Then U(f,n’,8’) =\,and L(f,n’,8") = —8'N/me.’ = —\/2,and these give (1).
4. The integral of f, over ¢ not bounded in » and ¢. We prove

IV. If the sequence of summable functions f converges on E to the summable
function F, it is necessary and sufficient for the integrability of the sequence that
corresponding to every g of f and every € >0 there is a number 8,.>0 such that for
8 <8, it is possible to find n=n; for which |U(g, n, 8)+L(g, n,8) | <e(n=n,).

Let f be integrable. Suppose that for some g the conditions of IV do not
hold. If for this g it so happens that for every & only one of the functions
U(g, n, 8), L(g, n, 8) is unbounded in #, it is very easy to show that I is con-
tradicted. If for every & both these functions are bounded, then the methods
of II can be used to contradict I. We thus have to consider only the case for
which both these functions are, for every §, unbounded in #. In such a case
there exists a number A >0 and independent of 8, and for each & a sequence
of values 7, n,, - - - of n for which either

(1) U(gy ni, 6) + L<g! ni, 6) > (1’ = 1; 27 T )y

or the left-hand side of (1) is less than —\. For the sake of definiteness let
(1) hold. Since X is independent of § we can consider only such values of &
that for me <& we have
f gndx
eS(l,n)

Since for any & both the functions involved in (1) become monotonically in-
finite with ¢, it is possible to choose from #; a sub-sequence #; such that

(2) <)‘ =1
—4— (n=).

A
3) U(g, n;, 8) > Ulg, nj—1, 8) + Y
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and
A
(4) L(g’ nj, 5) < L(g, ni-1, B) - 'Z

both hold. It then follows from (3) that there exists some #;/ where #,_1<n/
=<m;, and some ¢; with me <§, for which

A
[ gwidz > vig m, 9 - -
Then, by making use of (2) and the methods used in obtaining (5) and (6) in
the proof of II, we arrive at

, A
(5) [ pite> Ul mit) =
e(l,n')4 2
But for j sufficiently large, me(l, n/ )-<8(l=n/), and then we evidently have

(6) [ itz z 16,0

e(l,nj’y~
But (5), (6), and (1) can now be used to contradict I. We conclude, therefore,
that the conditions of IV are necessary.

In order to show that the conditions are sufficient, let IV hold and suppose
that f is not integrable. Then I is denied. Consequently, there exists a num-
ber A >0 and two sequences U, Lo, - - - and ny, ns, - - - where n;21/; and such
that either

) f Juid > N G=1,2--)
Cim)

holds, or the left side of (1) is less than —\. For the sake of definiteness as-
sume that (1) holds, and set g;=f,,. It is then possible, by methods similar
to those we have used above, to show that the hypotheses of IV are contra-
dicted. This leads to the conclusion that the conditions of IV are sufficient.

The example given above can easily be modified to show that when the
integral of f, over ¢ is unbounded the double limit 52 { U(g, », 8) +L(g, #, 8)}
=0 is not necessary for integrability.
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